A FAST SWEEPING METHOD FOR EIKONAL EQUATIONS
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Abstract. In this paper a fast sweeping method for computing the numerical solution of Eikonal
equations on a rectangular grid is presented. The method is an iterative method which uses upwind
difference for discretization and uses Gauss-Seidel iterations with alternating sweeping ordering to solve
the discretized system. The crucial idea is that each sweeping ordering follows a family of characteristics
of the corresponding Eikonal equation in a certain direction simultaneously. The method has an optimal
complexity of O(IN) for N grid points and is extremely simple to implement in any number of dimensions.
Monotonicity and stability properties of the fast sweeping algorithm are proven. Convergence and error
estimates of the algorithm for computing the distance function is studied in detail. It is shown that 2™
Gauss-Seidel iterations is enough for the distance function in n dimensions. An estimation of the number
of interactions for general Eikonal equations is also studied. Numerical examples are used to verify the
analysis.
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1. Introduction. The Eikonal equation
(1.1) |Vu(z)| = f(z), =€R",

with boundary condition, u(xz) = ¢(x),z € I' C R™, has many applications in optimal
control, computer vision, geometric optics, path planing, and etc. This nonlinear boundary
value problem is a first order hyperbolic partial different equation (PDE). Information
propagates along characteristics from the boundary. Due to the nonlinearity characteristics
may intersect like the formation of shocks in hyperbolic conservation law. The solution
is still continuous at these intersections but may not be differentiable. Existence and
uniqueness of viscosity solution is shown in [4].

There are two key ingredients for any numerical algorithm for the Eikonal equation.
The first key ingredient is the derivation of a consistent and accurate discretization scheme,
i.e., a numerical Hamiltonian. The numerical scheme has to follow the causality of the
partial differential equation and has to deal with non-differentiability at intersections of
characteristics properly. Since the problem is nonlinear, a large system of nonlinear equa-
tions has to be solved after the discretization. Hence the second key ingredient is an
efficient method to solve the large nonlinear system.

There are mainly two types of approaches for solving the Eikonal equation. One
approach is to transform it to a time dependent problem. For example, if we have u(x) =
0,z € T, then u(x) is the first arrival time at & for a wave front starting at I' with a
normal velocity that is equal to % This can be solved by the level set method. In the
control framework, a semi-Lagrangian scheme is obtained for Hamilton-Jacobi equations
by discretizing in time the dynamic programming principle [9, 10]. However many time
steps may be needed for the convergence of the solution in the entire domain due to finite
speed of propagation and CFL condition for time stability. The other approach is to treat
the problem as a stationary boundary value problem and design an efficient numerical
algorithm to solve the system of nonlinear equations after discretization. For example,
the fast marching method [19, 16, 11], is of this type. In the fast marching method,
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the update of the solution follows the causality in a sequential way, i.e., the solution is
updated one grid point by one grid point in the order that the solution is strictly increasing
(decreasing). Hence an upwind difference scheme and a heapsort algorithm is needed. The
complexity is of order O(N log N) for N grid points, where the log N factor comes from
the heapsort algorithm.

Here we present and analyze an iterative algorithm, called the fast sweeping method,
for computing the numerical solution for Eikonal equation on a rectangular grid in any
number of space dimensions. The fast sweeping method is motivated by the work in [2]
and was first used in [21] for computing the distance function. The main idea of the
fast sweeping method is to use nonlinear upwind difference and Gauss-Seidel iterations
with alternating sweeping ordering. In contrast to the fast marching method, the fast
sweeping method follows the causality along characteristics in a parallel way, i.e., all char-
acteristics are divided into a finite number of groups according to their directions and
each Gauss-Seidel iteration with a specific sweeping ordering covers a group of character-
istics simultaneously. The fast sweeping method is extremely simple to implement. The
algorithm is optimal in the sense that a finite number of iterations is needed. So the com-
plexity of the algorithm is O(N) for a total of N grid points. The number of iterations is
independent of grid size. The accuracy is the same as any other method which solves the
same system of discretized equations. The fast sweeping method has been extended to
more general Hamilton-Jacobi equations [18, 12]. Extensions to high order discretization
will be studied in future reports.

The idea of alternating sweeping ordering was also used in Danielson’s algorithm
[6]. The algorithm computes the distance mapping, i.e., the relative (z,y) coordinate
of a grid point to its closest point using an iterative procedure. Danielson’s algorithm is
based on a strict dimension by dimension discrete formulation which in general does not
follow the real characteristics of the distance function in two and higher dimensions and
hence results in low accuracy and twice as many iterations compared to the fast sweeping
method we present here. Danielson’s algorithm does not work for distance functions to
more general data sets such as the distance to a curve or a surface. Neither does it extend
to general Eikonal equations. Recently another discrete approach that uses the idea of
fast sweeping method was proposed in [17]. It can compute the distance function more
accurately but does not apply to general Eikonal equations either. Other related methods
include a dynamic programming approach and post sweeping idea in [15] and a group
marching method in [13].

Here is the outline of the paper. In section 2 we present the scheme and the motivation
behind it. We then show a few monotonicity properties and a maximum change principle
for the fast sweeping algorithm in section 3. In section 4 we prove the convergence and
error estimates for distance function. We discuss the fast sweeping method for general
Eikonal equations in section 5. In section 6 we present numerical results to verify our
analysis and show a few applications.

2. The fast sweeping algorithm and the motivation. We present the fast sweep-
ing method for computing the viscosity solution u(x) > 0 for the model problem

|Vu(z)| = f(z) «eR"
(2.1) u(a:)mzo ’ zEFCR”,

where f(x) > 0. For simplicity the algorithm is presented in two dimensions. The exten-
sion to higher dimensions is straightforward. We use x; ; to denote a grid point in the
computational domain 2, use h to denote the grid size and ufj to denote the numerical

solution at x; ;.



2.1. The Fast Sweeping Algorithm:.
Discretization: We use the following Godunov upwind difference scheme [14] to discretize
the partial differential equation at interior grid points

[ = i) 12 + [l = 12 = F2,0°

2, Tmin i,J ymin
(2.2)
i=2,...,0-1,j=2,....,0—1,
where u,,;, = min(ugfl,ja u?—f—l,j): Ume = min(“ﬁjq:“ﬁjﬂ) and
0 . . .
()t = g ﬁzo . One sided difference is used at the boundary of the

computational domain. For example, at a left boundary point ;,;, a one sided
difference is used in the z direction,
h R \+12 h h +12 _ 2 p2
[(ufj —ug ;)T 1" + [(u1j — Uymin) 71" = fi;h°
Initialization: To enforce the boundary condition, u(xz) = 0 for ¢ € T' C R", assign
exact values or interpolated values at grid points in or near I'. These values are
fixed in later calculations. Assign large positive values at all other grid points.
These values will be updated later.
Gauss-Seidel iterations with alternating sweeping orderings: At each grid x;; whose
value is not fixed during the initialization, compute the solution, denoted by @, of
(2.2) from the current values of its neighbors u}', ;,uf ;. and then update u}';

old —).

to be the smaller one between @ and its current value, i.e., u7'5" = min(u{f, @

We sweep the whole domain with four alternating orderings repeatedly,

(i=1:I,j=1:J 2)i=1I:1,j=1:J
Bi=I:1,7=J:1 @i=1:1,j=J:1

The unique solution to the equation

(2.3) (@ —a)*] + [(z = 0)*]* = f7,;h°,
where a = ul, ., b=ul . . is

~ min(a,b) + fi jh la—b| > fi;h
(2.4) T = { a+b+\/w la—b| < fish

In n dimensions the unique solution T to
(2.5) [(@ —a) P + [z — a2) P + - + (& — an) "] = £

can be found in the following systematic way. First we order a;’s in increasing order.
Without loss of generality, assume a1 < as < ... < a,, and define a,411 = 0o. There is
an integer p, 1 < p < n, such that T is the unique solution that satisfies

(26) (z—ai1)?+(@—as)’*+ -+ (x—ay)? = ijhz and ap < T < apya,

i.e., T is the intersection of the straight line, * =y, x,y € RP, with the sphere centered
at a = (a1, a9, . ..,ap) of radius f; ;h in the first quadrant in R?. We find Z and p in the
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following recursive way. Start with p =1, if = a; + f; jh < as, then T = Z. Otherwise
find the unique solution £ > ay that satisfies
(z—a1)’ + (z —a2)® = ijh2
If £ < ag, then T = &. Otherwise repeat the procedure until we find p and T that satisfy
(2.6).
Here are a few remarks about the algorithm:
1. The upwind difference scheme (2.2) is a special case of the general Godunov nu-

merical Hamiltonian proposed in [1]. The numerical Hamiltonian can be written
as:

H"(D% w5, D ui,j, DY wi,j, DY w; )
— fmax( (D us ), (D)~ )2 + max{ (D ui ¥, (DY i) 1,

where

D;uw = Ui, “zfl,J:Dj“w = Uit1,5 — Uiy,
DZ w5 = wij — wij—1, D3iwij = uiji1 — uij,

and ()T means taking the positive part and (-)~ means taking the negative part.
Instead of using the upwind difference scheme (2.2), we can also use the following

one.

(=l ) )TPHd —ul JFPHl = ) TPl —ul )T P=h?
i=2,...,I—-1,j=2,...,J—1.

(2.7)

which corresponds to the following numerical Hamiltonian
H"(D* u”,D+u”,D u;,j, DY u; ;)
= ¢ (D2 i) + (D3 i) 12 + (DY ui ) 12 + [(DYui ) 12

Both numerical Hamiltonians are monotone. The only difference between these
two formulations is at the intersections of characteristics. The second formulation
may have larger truncation errors at those intersections as will be explained in
section 4.

2. In practice it may be desirable to restrict the computation to a neighborhood
of the boundary T'. For example, if we want to restrict the computation in the
neighborhood where the first arrival time is less than T', i.e., {; ; : u(x; ;) < T},
then we can use the following simple cutoff criterion: in the Gauss-Seidel iteration
we update the solution at a grid point x; ; only if at least one of its neighbors
has a value smaller than T i.e., if min(uf, ;. ,uh . ) <T.

3. The large value assigned initially should be larger than the maximum possible
value of u(x) in the computation domain. For example, let fys = maxgeq f(x)
and D be the diameter of the computational domain €2, the initially assigned
large value should be larger than FsD.

4. In higher dimensions, the discretization (2.2) is easily extended dimension by
dimension and there are 2" different sweeping orderings in n dimension.

5. If we want to compute the viscosity solution u(x) < 0 for (2.1), we modify the
discretization (2.2) to

[(uiz,] - u:’cbmaw)_]z + [(u?,] - u};maw)_]z = fi,jh2

i=2,...,I-1,j=2,...,J—1,
4

(2.8)



h _ h h R h h
where u?, . . = max(ui_l,j, uz-+1,j), Uymar = max(ui,j_l,ui’jﬂ) and
_ 0 z>0 T . .
()~ = . In the initialization, we assign small negative values at
-z <0

grid points whose values are to be updated. In the Gauss-Seidel iteration, we
update the value at a grid point only if the new value by solving (2.8) is larger
than its old value.

2.2. The Motivation. In the fast sweeping algorithm the upwind difference scheme
used in the discretization enforces the causality, i.e., the solution at a grid point is deter-
mined by its neighboring values that are smaller. The one sided difference scheme at the
boundary enforces the propagation of information to be from inside to outside since the
data set I is contained in the computational domain. If all grid points can be ordered
according to the causality along characteristics, one iteration of Gauss-Seidel iteration is
enough for convergence. For example, the heapsort algorithm is used in the fast marching
method to sort out this order every time a grid point is updated. The key point behind
Gauss-Seidel iterations with different sweeping ordering is that each sweep will follow the
causality of a group of characteristics in certain directions simultaneously and all charac-
teristics can be divided into finite number of such groups according to their directions.
The value at each grid point is always non-increasing during the iterations due to the
updating rule. Whenever a grid point obtains the minimal value it can reach, the value is
the correct value and the value won't be changed in later iterations.

We use the distance function as an example to illustrate the motivation. The distance
function d(x) to a set T satisfies the Eikonal equation

[Vd(z)|=1, d(z)=0,z€Tl.

All characteristics of this equation are straight lines that radiates from the set I'. In one
dimension, the upwind differencing at the interior grid point ¢ is

(2.9) [(uf = min(ul y,uly )P =, 2<i<I-1

We use two Gauss-Seidel iterations with sweeping orderings, i = 1: T andi =1 :1
successively, to solve the above system. The update of the distance value at grid ¢ simply
becomes

new
2

wi® = min(min(u;—1,%ir1) + h, u;).

Figure 2.1 shows how one sweep from left to right followed by one more sweep from right
to left is enough to finish the calculation of the distance function. This follows because
there are only two directions for the characteristics in one dimension, left to right or vice
versa. In another word, the distance value at any grid point can be computed from either
its left neighbor or right neighbor by exactly d; = min(d;_1,d;+1) + h. The first sweep
will cover those characteristics that go from left to right, i.e., those grid points whose
values are determined by their left neighbors are computed correctly. Similarly, in the
second sweep all those grid points whose values are determined by their right neighbors
are computed correctly. Since we only update the current value if the newly computed
value is smaller, those values that have been calculated correctly in the first sweep have
achieved their minimal possible values and will not be changed in the second sweep.
Convergence in two sweeps is true for arbitrary Eikonal equations in one dimension. In
the special case of distance function, it is easy to see that the fast sweeping method finds
the exact distance function in two sweeps.



In higher dimensions characteristics have infinitely many directions which can not be
followed exactly by the Cartesian grid lines. Here are two important questions for the fast
sweeping algorithm: (1) How many Gauss-Seidel iterations are needed? (2) What is the
error estimate? The most important observation is that all directions of characteristics
can be classified into finite number of groups for distance functions. For example, in two
dimensions all directions of characteristics can be classified into four groups, up-right, up-
left, down-left and down-right. Information propagates along characteristics in the above
four groups of directions. The four different orderings of Gauss-Seidel iterations and the
upwind differencing are meant to cover the four groups of characteristics respectively.
Figure 2.2(a) illustrates why the fast sweeping method converges after four sweeps with
different orderings for the distance function to a single point. The solution ufJ at each
grid point in the first quadrant depends on the solution at u?_l,j and u?’j_l which have
already been computed and can be recursively traced all the way back to the data point in
the first sweep. So we get the correct values for all grid points in the first quadrant plus
the points on the positive x and y axes after the first sweep. For the same reason, after
the second sweep the grid points in the second quadrant and on the negative x axis get
the correct values. Moreover, since those grid points in the first quadrant and on positive
x and y axis already have their minimal values and satisfy the discretized equations, these
values will not change in the second sweep. Similarly, after the third sweep those grid
points in the third quadrant and on the negative y axis get the correct values and the
computed correct values in the first and second quadrants are maintained. After four
sweeps we get the correct values for all grid points that satisfy the system of equations
(2.2). Figure 2.2(b) demonstrates another case which computes the distance function to
a circle in two dimensions using the fast sweeping algorithm. Again, each grid point gets
its correct value in one of the four sweeps.

(b) the computed distance function after the first left to right Gauss-Seidel sweeping

(c) the computed distance function after the second right to left Gauss-Seidel sweeping

F1G. 2.1. the fast sweeping algorithm in one dimension

In the case of one data point, the distance function is smooth except at the data point.
For a more general data set, interactions of characteristics at their intersections can cause
more than 2" sweeps for the iteration to converge in n dimensions. It is impossible to
track the exact number of sweeps for the highly nonlinear discretized system in general.
However, we will show that in n dimensions, after 2" sweeps the fast sweeping method
can compute a numerical solution to the distance function that is as accurate as the
numerical solution after the iteration converges. This means 2™ sweeps is good enough in
practice for computing the distance function to an arbitrary data set. For general Eikonal
equations, the characteristics are curves instead of straight lines. So more than one sweep
may be needed to cover one characteristic curve. We will see that given a fixed domain
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(a) the fast sweeping algorithm for a single data point (b) the fast sweeping algorithm for a circle

F1G. 2.2. the fast sweeping algorithm in two dimensions

and the righthand side f(x), the number of sweeps needed is still finite and is independent
of grid size.

3. Basic Properties of the Fast Sweeping Algorithm. Here we prove a few basic
monotonicity properties and a maximum change principle for the fast sweeping algorithm.
The following simple fact for the solution of equation (2.6) provides monotonicity and
maximum change principle for the fast sweeping algorithm.

LeEmMMA 3.1. Let T be the solution to equation (2.6), we have

oz oz oz
. S>> 2> > — >
(3 1) 12 8&1 - aClQ - - 6an 20
and
0T oT 0T
(3.2) 6—ch+6—(12+ .+ a. 1

Proof. Differentiate equation (2.6) with respect to a we get

0T (T —ap)t

B—Gk B ZZ:l(f — )"

As a direct consequence of the lemma, we have

PROPOSITION 3.2. In the Gauss-Seidel iteration for the fast sweeping method, the
maximum change of u" at any grid point is less than or equal to the maximum change
of u at its neighboring points.

LEMMA 3.3. The fast sweeping algorithm is monotone in the initial data.

Proof. This is a direct consequence from lemma 3.1, i.e., the monotonicity property
of the solution to (2.5). If u”(z; ;) < v"(z; ;) at all grid points initially, then u”(z; ;) <
v"(z; ;) at all grid points after any number of Gauss-Seidel iterations.

d

LEMMA 3.4. The solution of the fast sweeping algorithm is non-increasing with each

Gauss-Seidel iteration.



Proof. This is exactly because the way we update the solution in Gauss-Seidel itera-
tions described in step 3 of the algorithm.
0

The following corollary shows stability property for the fast sweeping method. We
present it in two dimensions but it is true in general.

COROLLARY 3.5. Let u®) and v*) be two numerical solutions at k-th iteration of
the fast sweeping algorithm. Denote || - ||o to be the maximum norm. We have
(1) [[u® = v®) [l < [lut=1) — k=D,
(2)0< maxi,j{ugy ) u(kﬂ)} < max”{u(’C D_ (k)}

Proof. Let us assume that the first update at the k-th iteration is at point x; ;,

k 1 k—1
EJ) )— rr(un{u u} where @ solv(es) (2.2) with neighboring values ug 1]), uEHJ),
-1)  (k

i1 Ui J+1) The same is true for v; /. From the maximum change principle, we have

i) = )| < a7 — ot

For update at any other grid point later in the iteration, the neighboring values used
for the update are either from previous iteration or from earlier update in the current
iteration, both of which satisfy the above bound. By induction, we prove (1).

The second statement is a simple consequence from the monotonicity of the fast
sweeping method and the previous statement by setting v(*) = (k—1).
0

Remark: The second statement provides an effective stopping criterion for sweeping.
Before correct information from the boundary T’ has reached all grid points, [ju(¥) —
k|| is of O(1). When [[u¥) — u*=1)|| is O(h), the information has reached all
points and we can stop the sweeping in practice. Although the iteration has not converged
yet, the numerical solution is already as accurate as the the converged one as we will see
from the numerical examples. The iterative solution will change less and less in later
iterations and converges to the solution to the discretized system.

THEOREM 3.6. The iterative solution by the fast sweeping algorithm converges
monotonically to the solution of the discretized system.

Proof. Denote the numerical solution after k-th sweep by u( ). Since u( / is bounded

below by 0 and is non-increasing with Gauss-Seidel iterations, uz(kj) is convergent for all
i,j. After each sweep, for each i, j we have

[l —alt) 2+ [l — i) V42 — 12,02 > 0,

2,7 ymzn

because any later update of neighbors of u§§> in the same sweep is non-increasing. More-

over, it is easy to see that after u( -) is updated, the function

F(u (k) (k) u(k) k) ) = [( (’9) (k) )+]2+[( (k) u(k) )+]2_ zjhz

i— 1,]7uz’+1,j7 i,j—17 3,J+1 Uymin %7 ymin
is Lipschitz continuous in all variables and the Lipschitz constant is bounded by

k k k k k k k k
max{ (u ( )_ug )1 )t (u (,J) 5+)1,J)+’( (,]) (,J) 1)+’( (,J) (,])+l)+}

Since u( -) is monotonically convergent for every ¢, j we can have an upper bound C' > 0

for the LIpSChItZ constant. Denote ¢(%) = max;,; (u;; (k b (k)) to be the maximum
8



change at all grid points during the k-th sweep. From Corollary 3.5 and the convergence
of u§?, 5(*) goes monotonically to zero. After k-th iteration, we have

0< [(u(k) —u® )2+ [(u(-k-) —ut® )72 - fi2,jh2 < k)

— i, Tmin 7,7 ymin

So UE?

|

converges to the solution to (2.2).

4. Convergence and Error Estimate for Distance Function. Although it is shown
that the fast sweeping algorithm is convergent by Theorem 3.6, the main issue for the
efficiency of the fast sweeping method is the number of iterations needed and the error
estimate. In this section we prove a few concrete results for distance function. Since the
fast sweeping algorithm is highly nonlinear, the proof can only be based on the monotonic-
ity properties and the maximum change principle proved in section 3. Some of the proofs
will be stated in two dimensions for simplicity. We use the following notations: I" denotes
the data set to which we want to compute the distance function, u”(x,T') denotes the
numerical solution using the fast sweeping method, d(x,I") denotes the exact distance
function, h is the grid size, and n is the spatial dimension.

THEOREM 4.1. For a single data point T = {z,}, the numerical solution, u"(z, x),
of the fast sweeping method converges in 2" sweeps in R™ and satisfies

d(meO) S uh(m7m0) S d(m7m0) + O(|h10g hl):

where d(x,x¢) is the distance function to x.

Proof. We prove the theorem in two dimensions. The proof can be easily extended
to any number of dimensions.

First, assume the data point is a single grid point. Without loss of generality the
point is at the origin. For each grid point x; ; in the first quadrant its value uﬁj only
depends on its two down-left neighbors u?fl’j,uﬁjfl. Each grid point on the positive x
axis depends on its left neighbor and each point on positive y axis depends on its neighbor
below. The first Gauss-Seidel iterationi = 1: I, j =1 : J exactly propagates information
from the data point to all these grid points in the right order. This order of dependence
is illustrated clearly in figure 4.1(a) for points in the first quadrant, e.g., values at grid
points on the dashed line two are determined by values at grid points on dashed line one,
etc. In exactly the same way grid points in the second quadrant and on negative z axis,
grid points in the third quadrant and on the negative y axis, and points in the fourth
quadrant get their correct values of u” in the second, third and fourth sweep successively.
Moreover the four quadrants are separated by two grid lines, i.e., the £ and y axis. The
values of grid points on these two lines do not depend on any values of grid points off these
two lines. So the propagation of information in one quadrant during the corresponding
sweep can not cross these two lines into other quadrants. Actually, whenever a grid point
achieves its correct value of u” for the system of equations (2.2), it is the minimum value
that can be achieved and will not change afterward.

For a data point that is not a grid point, we initially assign the exact distance values
for grid points that are the vertices of the grid cell that contains the data point. The
closest vertical grid line and the closest horizontal grid line partition the whole domain
into four quadrants. It can be checked that the solution u” at grid points on these two
lines does not depend on values of grid points off these two lines and the grid points in
each quadrant get their correct values in one of the corresponding Gauss-Seidel sweeps.
Figure 4.1(b) shows an example of a particular partition. This ends the proof that for
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a single data point the fast sweeping algorithm converges in four Gauss-Seidel iterations
with alternating sweeping ordering in two dimensions.
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(a) order of dependence in the first quadrant (b) quadrant partition for an arbitrary data point

Fic. 4.1.

Now we show the error estimate for grid points in the first quadrant. The proof
is exactly the same for all other quadrants. Again we first assume the data point is a
grid point. The exact distance function d(x) satisfies the Eikonal equation |Vd(z)| =1
everywhere except at the data point. Using Taylor expansion at grid point x; ;, we have

dij — di—1,j = h(dz)ij — %dm(&,j)
dij — dij—1 = h(dy)ij — Bdyy(mi;),

where &; ; and 7; ; are two intermediate points on the line segments connecting z; ;.
x;_1,; and connecting x; j, &; j_1 respectively. At x = (,y),

(4.1)

2

— T — 1
4.2) da(2,9) = 7oms >0 0<daa(@) = Gy < o
- 2
dy(x,y) = \/z;lTyZ >0, 0< dyy(m,y) = (z2+a;2)3/2 < \/z21+y2-
So the distance function satisfies the following equation at x; ;
h? 2 h? 2 2
(4.3)  [dij = (di1j = 5 dea(&iy))]” + [diy = (dij—1 — o dyy (0i))]" = B

Since the solution of the quadratic equation (2.3) depends monotonically on (a,b), we
have d(z, z¢) < u”(x,x0). Using the explicit expression (4.2) for the derivatives and the
maximum change principle, the local truncation error satisfies

h? h?
4.4) er(x; ;) < —max(dye (®i—1,5),dyy(®i,j-1)) < -
( ) T( Zﬂ) = 9 X( l‘iﬂ( g la]) ZU?I( 2, 1)) = 2m11’1(d($z'71,j),d(wi,jfl))

The global error estimate comes from the fact the accumulation of truncation errors is
in the same direction of information propagation as is shown in figure 4.1(a), i.e., grid
points on line i + j = k depends only on grid points on line i + j < k — 1. Define
er = max;y j—(ul ; — d; ;). Using the simple facts

s G+3)° _ o o,
d(wi,j)zh l2+.727 %§12+J2S(1+J)27
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and the maximum change principle, we have

2 2
u?’j —d;; < max(u?fl,j —di—1,; + ?dww(wi—l,j%u?,jfl —dij-1+ ?dm(wi,j—l))
h? h

<eg_1+ - L<eéep1+———

= T dmin(d(wi 1), d(xi 1)) © T V2(k—1)
So the maximum error that can be accumulated at z; ; for k =44 j is

h & h 1

45 ep <e +— —<ei1+—=1+In(i+j—-1)) =0(hlog(+)).
(45 e<es 5 37 p<at pltini+—1) = Olhlon(;)

Here e; is the maximum error for grid points on the line i + j = 1, which is 0 if the data
point is a grid point. The proof and estimate is exactly the same in n dimensions.

If the data point x( is not a grid point, all the error estimates are the same except
that e; = O(h), which yields the same result.

0

Remark: The error estimate is sharp since there is no cancellation of local truncation
errors and the accumulation of truncation error for grid points x;; on the diagonal is
exactly of O(hlog(})).

When there is more than one data point the situation becomes more complicated
because there are interactions among data points. Characteristics from different data
points intersect and the distance function is not differentiable at equal distance points. For
the exact distance function to a data set composed of discrete points, i.e., T = {z,,, }*_,,
the interaction is simply the minimum rule, i.e.,

d(x,T) = min[d(z, z1),d(z, x2),...,d(x, )]

Denote u”(x, x;) to be the numerical solution to the distance function to a single point
x; by the fast sweeping method and define

(4.6) u(z,T) = min[u”(z, z,), u" (x, x2), . . ., u" (z, )]
From our previous results for a single point we have
d(z,T) < u"(2,T) < d(z,T) + O(|hlog hl)

after four sweeps.
LEMMA 4.2. For an arbitrary set of discrete points T = {x,,}M_,, v (2,T) <
h
u(z,T).
Proof. For any fixed x there is a i, 1 < i < M, such that

gh(m,f‘) = min[uh(m,ml),uh(w,m), .. ,uh(m,mM)] = uh(w,wi),

After the initialization step, u”(x,T') < u*(x,2;),1 <4 < M. From the monotonicity in
initial data for the fast sweeping algorithm, stated in lemma 3.3, we have

u'(@,T) <u'(z,2;) = u"(,T).

after any number of sweeps.
a

Denote " (z,T) to be the solution to the system of discretized equations, e.g., (2.2)
in two dimensions.

11



THEOREM 4.3. For an arbitrary set of discrete points T = {z,,}*_,, the numerical
solution u"(x,T') by the fast sweeping method after 2" sweeps, satisfies

" (z,T) < u(z,T) < d(z,T) + O(|hloghl).

Proof. The solution to the system of discretized equations, @"(z,T'), can be viewed
as the solution by the fast sweeping algorithm after the iteration converges as is shown
in Theorem 3.6. Since the solution of the fast sweeping algorithm is non-increasing with
Gauss-Seidel iterations, we have u”(z,T) > u"(z,T) after any number of sweeps. So
after 2" sweeps, the numerical solution u" (z,T') produced by the fast sweeping algorithm
satisfies

7 (@,T) < uh(@,T) < u*(x,T) = d(z,T) + O(hlog %).

d

Since the upwind difference is of first order accuracy, [@"(z,T) — d(z,T)| is at most
of O(h). The general results for Hamilton Jacobi equations, e.g., [5, 14, 3, 7], show that
the numerical solution from a consistent and monotone scheme converges to the viscosity
solution with the order of hz. The upper bound in the above Theorem is sharp as is
shown in Theorem 4.1. If the error estimate, |[@"(x,T) — d(z,T)|, is also O(|hlogh|) or
worse, the theorem says that for distance function, the iterative solution after 2" sweeps
is as accurate as @"(x,T"). Any other method that solves the same discretized system of
equations has the same accuracy too.

However, we do not have d(z,T') < u”(z,T) for a general data set T' due to the
interactions among data points. Figure 4.2 shows an example of two data points. At
those circled grid points the characteristics from both data points meet. The distance
function follows either one of the characteristics. For example at grid point (1,1) the
distance function satisfies

[(di,1 — d1,2)+]2 =h? or [(di1 — d2,1)+]2 = h?,

h

and dy 1 = 2h. However in our upwind scheme, the numerical solution u" uses both

characteristics and satisfies
[(Uib,l - U?,2)+]2 + [(Ulfl - Ug,1)+]2 =h?,

which gives uf; = (1 + %)h < dy,1. We can view this as the information propagation
speed is numerically doubled. However, since the upwind scheme uses at most two char-
acteristics from ugmin in x-direction and from wymi, in y-direction in two dimensions,
we show that this is actually the worst truncation error that can occur at a grid point
due to the interactions of data points, i.e. when characteristics intersect orthogonally and
align with both axises. For instance in two dimensions, without loss of generality suppose

h h h
Uij 2 Ugj_1 2 Ui_y; and
h hoy2 h h o \2 _ 72
(ugj —ui—q ;)" + (ui; —ug;_1)” = b7,
then (u}'; —u; ;)* > h?/2 and the equality holds when uf; ; =uj' ; ;. On the other

hand the distance function satisfies (d; ; — di—1,;)> < h? and the equality holds when z
axis is a characteristic. In n dimensions, the characteristics can be used at most n times
when they intersect at one grid point. So the worst local truncation error due to the

12
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interactions of characteristics is /1 — %h. For the modified version of the fast sweeping

algorithm (2.7), the truncation errors at equal distance points can be twice as much.

To get a clearer picture of the convergence of the iteration and error estimate for a
general data set we have to study the interactions among data points more carefully. We
can partition all grid points into the Voronoi cell of each data point. The Voronoi diagram
is according to the the numerical solution u”(x, z,), u" (x, x2), ..., u(x,zx), i.e., a grid
point z is in the Voronoi cell of &, if u”(x,z.,)=minu"(z,x), u" (z,22), . . ., u"(x,z ).
If a grid point and all its neighboring grid points belong to the same Voronoi cell, we call
it an interior point. Otherwise we call it a boundary point. The interaction of different
data points occurs only at boundary points. Figure 4.3(a) shows a typical Voronoi cell for
a data point x,,. For cell boundary points (those circled points), u"(z,T’) may pick up
information from more than one data points.

To get the lower bound for the numerical solution after 2™ sweeps, we use u"(z,T) =
min[u”(z, x,),u" (z, T2),...,u(x, )] as the initial data and start the fast sweeping
iteration. Due to the monotonicity in initial data we get a solution that provides a lower
bound for the numerical solution for which we use the standard initialization step and
u”(z,T) already satisfies the discretized equations at interior points of each Voronoi cell.
After we start the fast sweeping algorithm, the decrease of the values at interior points of
each Voronoi cell is caused by the interactions at Voronoi cell boundaries. Moreover, if we
start with u"(x; ;,T), it is easy to show |u”(z; ;,T) —u*(x;x1,j+1,T)| < h from the sys-
tem of discretized equations at each grid point and the definition of Voronoi cells. Hence
from the maximum change principle Proposition 3.2, we can imagine that the maximum
decrease of values at all grid points due to the interactions at Voronoi cell boundary is of
order h. But unlike the case for real distance function where information propagates only
along characteristics and all characteristics flow into Voronoi cell boundary. In the finite
difference scheme a grid point may have a larger domain of dependence as is illustrated
in figure 4.3(b). So interactions at Voronoi cell boundaries may propagate into the cell.
This may also cause more than 2™ sweeps for convergence in n dimensions. Example 1 in
section 6 shows that even for two data points in two dimensions, more than 4 sweeps are
needed for the iteration to converge.

Now we consider computing the distance function to an arbitrary set. For example,

13
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instead of discrete points, I' is a smooth curve or surface.

THEOREM 4.4. If the distance function in the neighborhood of an arbitrary data
set T in R™ is given initially, let u"(x,T) be the numerical solution by the fast sweeping
method after 2™ sweeps, we have

1
Hh(mar) < uh(mar) < d(mvr) + O(thg E)a

where ©"(z,T) is the solution to the discretized system (2.2). _
Proof. Denote I to be the set of grid points that encloses the set T, i.e., I' contains
vertices of all those grid cells that intersect with T'. We have

(4.7) |d(z,T) — d(z,T)| = O(h),

since for any y € I', 3y, ; € T such that |y;; —yl = O(h) and vice versa.

By the monotonicity in initial data, u"(x,T') > u"(x,T) after any number of sweeps,
since initially u”(z,T") starts with distance to T for € T while u”(2,T) = 0 for x € T.
However, the initial difference between " (2, T') and u”(,T') is O(h). By the contraction
property from Corollary 3.5, we have

(4.8) u(z,T) —u"(x,T) = O(h), Ve,

after any number of sweeps. We apply Theorem 4.3 to u”(z,T) and combine with (4.7)
and (4.8) to finish the proof.
d

Actually for an arbitrary data set, which can be discrete points and/or continuous
manifolds, we only need approximate distance values at grid points near the data set
within first order accuracy, since the upwind finite difference scheme is at most of first
order.

5. General Eikonal Equations. For the general Eikonal equation (2.1), the charac-
teristics are curves starting from the boundary. The key issue is the maximum number of
sweeps needed to cover information propagation along a single characteristic curve. This
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number, which is analogous to the condition number for elliptic equations, determines the
number of iterations needed for the fast sweeping algorithm. For a single characteristic
curve starting at a point ¢ € I', we divide it into least number of pieces such that the
tangent directions in each piece belong to the same quadrant. Information propagation
along each piece can be covered by one of the sweeping ordering successively. So the
number of sweeps needed to cover the whole characteristic curve is proportional to the
number of pieces or turns. Figure 5 shows an example in 2D. The characteristic curve
starting from x¢ € T can be divided into five pieces. The tangent directions in each piece
belong to the same quadrant. The first and the second pieces will be covered in the first
round of four alternating sweeps. The second round of four alternating sweeps will cover
the third and fourth pieces. The third round of four alternating sweeps will cover the last
piece.

F1G. 5.1. division of a characteristic curve for a general Eikonal equation

One quantity that can characterize how sharp the tangent of a curve can turn is
curvature. The following lemma shows a bound on the curvature of any characteristic
curve.

LEMMA 5.1. The maximum curvature for any characteristic curve of equation (2.1)
Vi)

f(z)

Proof. Denote H(q,z) = |q| — f(x), where ¢ = Vu. The characteristic equation is:

is bounded by max ‘
Ten

:.b:qu:fY—ig
qg=—-VgH=Vf(z)

w=Vu-& = f(x)

The information propagates along the characteristics from smaller u to larger u. Since
|&| = 1, the curvature along a characteristic is

..:&_ Vu ‘_:Vf(m)_<Vf(:1:)‘ Vu) Vu :Vf(m)_ Vf(x)

e P@ T e U@ V) Nl T i@ R

where Pp, is the projection on the normal direction n = & So |Z| < ‘Vf(m) |
[Vl f(z)
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So for general Eikonal equations the number of iterations for the fast sweeping method
depends on the righthand side f(x) and the size and dimension of the computational
domain only. The computed numerical solution has the same accuracy as the solution by
any other method that uses the same discretization.

If the boundary T" and f(x) are smooth and f(x) > 0, then I is a noncharacteristic
boundary and there is a neighborhood of T" in which characteristics do not cross each
other and the solution u(z) is smooth ([8]). Denote this neighborhood to be Qr, we have

THEOREM 5.2. The numerical solution uf, ; to the discretized system (2.2) is of first
order in Qr, ie., uzhj —u(z; ;)| = O(h), x;; € Or.

Proof. Without loss of generality, suppose the numerical solution to (2.2) satisfies
the equation

(ufy —uf 1) + (ufy —uly 1) = f2;0°

at a grid point x; ;. While the true solution u(z) satisfies

2 2
o (15— ot (€ )] s — (g1 — oty (s ) = £251°

at x; j, where & ; and n; ; are two intermediate points on the line segments connecting
Z;j, Ti—1,; and connecting x; ;, ; j_1 respectively. Since ug;, uy, are bounded, from
the maximum change property, lemma (3.1), we can deduce that the local truncation error
is O(h?). The propagation and accumulation of truncation error following the causality
along characteristics in a finite domain is at most O(h).
d

This error estimate breaks down when the solution has singularities. Since the char-
acteristics do intersect for general Eikonal equations We can not use this argument af-
ter characteristics intersect. We quote the general error estimate results for monotone
schemes for Hamilton-Jacobi equations [5, 14, 3, 7]. The error is of order O(h'/?). In
general, there are two scenarios for the solution to have singularities. In the first sce-
nario I' is smooth but characteristics intersect and shocks are formed. The solution is
continuous but not differentiable at shocks. Numerical solution can be only first order
accurate at shocks. However, characteristics and information flow into shocks for the true
solution. Numerically we also observe that errors made at shocks do not propagate away
from shocks and hence high order schemes can achieve high order accuracy in smooth
regions. In the second scenario I' has singularities such as corners and kinks. Hence
the solution also has singularities at I'. The distance function to a single point is such
an example. Again only first order accuracy can be achieved near the boundary for any
numerical scheme. Since characteristics and information flow out of the boundary, errors
made near the boundary will propagate out to the computational domain. So the global
error will be at most of first order no matter what scheme is used. The only solution is
to use a finer grid near singularities at the boundary.

6. Numerical Results. In this section we will use numerical examples to test the
fast sweeping algorithm and to verify the analysis in previous sections. We can compute
the distance function only in a narrow neighborhood of the data set as is described in
section 2 if needed, which saves an order of magnitude of computational cost.

For computing distance function to a set of discrete points we use use the following
procedure for the initialization step. First initialize the distance value of all grid points
to be a large value, which should be larger than the maximum possible values for our
later computed distance value u” in the domain. Then go through each data point and
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update the distance values of its neighboring grid points. For example, for each data
point we find the grid cell that contains it and then compute the exact distance value
of vertices of the grid cell to the data point. We replace the current values of these
vertices whenever distance to this data point provides a smaller value. Of course we can
include more neighboring grid points for which the exact distance values are computed.
In our calculations, distance values are computed at grid points that are within two grid
cells of the data set in the initialization step except for the first example. After going
through all data points, we have computed exact distance values at those grid points in
a neighborhood of the data set. All other grid points remain to have a large value. This
procedure is of complexity O(M) for M data points. In general we can find the global
distance function to any data set as long as the distance values on grid points neighboring
the set are provided or computed initially.

Example 1. This example shows the interaction of two data points on a simple grid
in two dimensions. Five iterations are needed for the fast sweeping algorithm to converge.
However, changes after four iterations are of O(h) no matter what size the grid is as we
have tested. In figure 6.1 we show the results after each iteration on a 7 x 7 grid. The two
data points are grid points at (2,6), (5,2). For this example, we scale the grid size to be
1. Initially, as is shown in table 6.1(a), we assign a large enough number (100 is enough
for this grid) to grid points that are not data points and assign zero to those two data
points. Table 6.1(b) shows the numerical solution after first sweep, i =1: 7,5 =1:7.
Table 6.1(c)-(f) shows the numerical solution after second, third, fourth and fifth sweep.
Table 6.2 shows the maximum change between each sweep. The changes in the first four
sweeps are significant since every time there are grid points whose values change from
their initial (large) assignments to the correct values. The change between fourth sweep
and fifth sweep, which is caused by the interaction of two points when their characteristics
intersect at the Voronoi cell boundary, is much less than O(h) (h = 1 in this case). For
tests with different grid size and locations of two data points, it may take more than five
iterations to converge but changes after four iterations are always small. Table 6.1(g)
shows the exact distance function. Those underlined numerical values in table 6.1(e)
show where the numerical solution is smaller than the exact distance function due to the
interaction of these two data points. Table 6.1(h) shows the Voronoi diagram according to
the numerical solutions of the distance function to each single data point, as is explained
in section 4. The integer at each grid point shows to which data point it is closer. We
see the interaction occurs exactly at the Voronoi boundary. All these numerical results
agree with our analysis.

Example 2. In this example we compute the distance function to discrete points in
both two and three dimensions to test the convergence and accuracy of the fast sweeping
method. In the first case we have a single data point in both two and three dimensions.
The domain is a unit square/cube. The data point is located at (%, \/Lg) in two dimensions
and (\/ii, %, 0.17) in three dimensions. Table 6 shows errors measured in different norms
with different grid sizes. For one single point the fast sweeping method converges exactly
in four sweeps in two dimensions and in eight sweeps in three dimensions.

In the second case, we generate a set of 100 random points in a unit square in two
dimensions and in a unit cube in three dimensions. In two dimensions it takes up to
8 sweeps to converge. In three dimensions it takes up to 20 sweeps to converge. We
show in table 6 the errors after four sweeps in two dimensions and eight sweeps in three
dimensions.

Example 3. In this example we compute the distance function to two continuous
sets, four linked circles in two dimensions and four spheres in three dimensions. Again it
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100 100 100 100 100 100 100 2 1 1.707 2.545 3.442 4.338 5.192
100 0 100 100 100 100 100 1 0 1 2 3 3.893 4.673
100 100 100 100 100 100 100 100 1 2 3 3 3.442 4.048
100 100 100 100 100 100 100 100 100 100 3 2 2.545 3.252
100 100 100 100 100 100 100 100 100 100 2 1 1.707 2.545
100 100 100 100 0 100 100 100 100 100 1 0 1 2
100 100 100 100 100 100 100 100 100 100 100 1 2 3
(a) initial setup (b) after 1st sweep
1.707 1 1.707 2.545 3.442 4.338 5.192 1.707 1 1.707 2.545 3.442 4.338 5.192
1 0 1 2 3 3.893 4.673 1 0 1 2 3 3.893 4.673
1.707 1 1.707 2.707 3 3.442 4.048 1.707 1 1.707 2.545 2.925 3.416 4.037
3 2 2.925 2.545 2 2.545 3.252 2.545 2 2.545 2.545 2 2.545 3.252
4371 3.442 2.545 1.707 1 1.707 2.545 3.541 2.925 2.545 1.707 1 1.707 2.545
4 3 2 1 0 1 2 3.924 2.997 2 1 0 1 2
4.707 3.707 2.707 1.707 1 1.707 2.707 4.514 3.544 2.545 1.707 1 1.707 2.545
(c) after 2nd sweep (d) after 3rd sweep
1.707 1 1.707 2.545 3.442 4.338 5.192 1.707 1 1.707 2,545 3.441 4.334 5.186
1 0 1 2 2007  3.884  4.668 1 0 1 2 2097 3882  4.662
1.707 1 1.707 2.545 2.925 3.416 4.037 1.707 1 1.707 2,545 2,925 3.416 4,037
2.545 2 2,545 2.545 2 2.545 3.252 2,545 2 2,545 2.545 2 2,545 3.252
3.416 2.925 2,545 1.707 1 1.707 2,545 3.416 2,925 2.545 1.707 1 1.707 2,545
3.882 2.997 2 1 0 1 2 3.882 2.997 2 1 0 1 2
4.334 3.441 2.545 1.707 1 1.707 2.545 4.334 3.441 2.545 1.707 1 1.707 2.545
() after 4th sweep (F) after 5th sweep
1414 T 1414 2236 3162 4123 5000 2 2 2 2 2 2 2
1 0 1 2 3 4 4.472 2 2 2 2 2 1
1.414 1 1.414 2.236 3 3.162 3.606 2 2 2 2 1 1 1
2.236 2 2.236 2.236 2 2.236 2.828 2 2 2 1 1 1 1
3.162 3 2.236 1.414 1 1.414 2.236 2 2 1 1 1 1 1
4 3 2 1 0 1 2 1 1 1 1 1 1 1
4.123 3.162 2.236 1.414 1 1.414 2.236 1 1 1 1 1 1 1
(g) exact distance (h) Voronoi diagram
TABLE 6.1
k= 1 2 3 4 5 6

luF —uF Tl | 99 | 98.293 | 0.83 | 0.181 | 0.007 | 0

maximum change in each sweep
TABLE 6.2

takes more than four sweeps in two dimensions and eight sweeps in three dimensions to
converge in both cases. We show errors after four sweeps in two dimensions and eight
sweeps in three dimensions in table 6. In figure 6.1 we show contour plot of the numerical
solution in two dimension and a particular contour in three dimensions.

Example 4: In this example we present two cases for general Eikonal equations. In
the first case we show convergence and order of accuracy of the fast sweeping algorithm.
The exact solution is:

u(z,y) = |6(W—To)(aw2+2bzy+cy2+d) —1],
where 79 = 0.2, a = 0.1, b=0.5, ¢ =1, d = 0.4. |Vu| is computed explicitly and used
as the given f(z,y). The boundary condition is u(z,y) = 0 at the circle \/22 + y2 =ro.
We use the exact values of u(z,y) at grid points near the circle initially. We set the
convergence criterion to be |Jut®) —u(*=1|| < e = 1076. The number of iterations and
errors in different norms are shown in table 6.6. We see that the number of iterations is
independent of grid size. The contour plot of the solution is shown in Figure 6.3(a).
Note that the errors in all norms show first order convergence. This is due to the
fact that boundary, i.e., the initial wave front, is smooth. The only singularity is at the
center where |Vu| = 0. However characteristics flow into the singularity, i.e., the error at
the singularity is determined by error around it. This is contrary to the case where the
boundary has singularities, e.g., the boundary is a single point or there are corners at the
boundary. In this case characteristics flow out of the singularities of the boundary. Hence
numerical errors made at singularities will propagate out and can accumulate, which gives
a global error of order hlog(%) just like in the case for distance function to a single point.
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= 0.02 0.01 0.005 0.0025 = 0.02 0.01 0.005
llelloo | 0.04981 | 0.02440 | 0.01097 | 0.00672 llelloo | 0.06040 | 0.02909 | 0.01429
ellz2 | 0.02885 | 0.01386 | 0.00554 | 0.00307 el|lz2 | 0.02496 | 0.01135 | 0.00359
ellz1 | 0.02864 | 0.01371 | 0.00536 | 0.00283 ellz1 | 0.02461 | 0.01111 | 0.00305

(a) two dimensions (b) three dimensions
distance function to a single data point
TABLE 6.3
= 0.02 0.01 0.005 0.0025 = 0.02 0.01 0.005

Melleo | 0.05565 | 0.02793 | 0.01400 | 0.00693 || [le[leo | 0.06819 | 0.03355 | 0.01641

e|lr2 | 0.03385 | 0.01695 | 0.00793 | 0.00366 ellr2 | 0.03728 | 0.01618 | 0.00673

ellzr | 0.03310 | 0.01670 | 0.00777 | 0.00357 el|zr | 0.03772 | 0.01604 | 0.00653
(a) two dimensions (b) three dimensions

distance function to a set of 100 random data points
TABLE 6.4

In the second case we compute the first arrival time for a point source at (zo,y0) =
(0,0). The Eikonal equation is:

\Vu| = f(z,y) =1+ e~ 10[(2+0.2)*+(y+0.2)] _ e—40[(w—0.2)2+(y—0.2)2]’ u(0,0) = 0.

So the corresponding velocity field is 1/f(z,y) and the ratio between the maximum
velocity and the minimum velocity is 6.667 x 10°. The function f(z,y) is shown in figure
6.3(a). In figure 6.3(b) the solid line is the contour plot of the arrival time and the
dashed line is the contour plot of f(z,y). The largest difference between two consecutive
iterations are shown in table 6. We set the initial large value to be 10%. The convergence
criterion is the maximum difference between two consecutive iterations less than 1076,
Although 6-7 iterations are needed for this convergence criterion for different grids, we can
see clearly from this table that only the first 6 iterations are essential. After 6 iterations,
the difference drops dramatically and is much smaller than the grid size. This means that
it takes 6 iterations to cover the information propagation along all characteristic curves
in the computation domain. This pattern is independent of grid size. The computing
time scales linearly with the grid size. For this example, it only takes 0.2 second for
computation on the 500x500 grid using a 2.4 GHz PC.

Example 5: We present a potential application for function reconstruction. In theory,
for a C! function u(zx), € R", if all local minima (or maxima) of u together with its
gradient |Vu| are known, we can reconstruct the function u(z) by solving the Eikonal
equation with the prescribed local minima (or maxima) as the boundary condition. Here
we apply this idea to the reconstruction of a discrete function. Suppose u; ; is a two
dimensional discrete function defined at grid points (z;,y;). We first search for all local
minima. w; ; is a local minimum if u; ; < min{w; 41 j, ¥i—1,5,%s,j—1, Wi, j+1}. We record
the location, (4,j), and the value u; ;. Next we extract the gradient information at
points that are not local minima. In order to construct the exact inverse process for
our fast sweeping algorithm, we use upwind difference to compute the gradient at a grid
point (a:,-,yj) as follows. Let uzmin = min(ui,l’j,ui+1,j), Uymin = min(u,-,j,l,ui’j+1).
Define

Wi, j —Uzmi .
" — { i,j ha:wnn if u; j > Upmin
T

0 if Uj,j < Uzmin

Wil Uymi .
_{ % if Wi j > Uymin 7

Uy = .
’ Y 0 if Usg, 5 S Uymin
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= 0.02 0.01 0.005 0.0025 = 0.02 0.01 0.005
llelloc | 0.05565 | 0.02793 | 0.01400 | 0.00693 llelloo | 0.02122 | 0.01304 | 0.00783
ellz2 | 0.03385 | 0.01695 | 0.00793 | 0.00366 el|z2 | 0.00381 | 0.00197 | 0.00100
ellz1 | 0.03310 | 0.01670 | 0.00777 | 0.00357 el|z1 | 0.00307 | 0.00159 | 0.00081

(a) two dimensions (b) three dimensions

distance function to a continuous set
TABLE 6.5

100
0
80
70-
60
50
40
301

20 *\

10

(a) contour plot in 2D (b) the contour u® = 0.03 in 3D

Fi1G. 6.1.

and f;j = |Vul;; = \/u2 +uZ. By enforcing the values at the minima and solving the

system (2.2) we can recover u; ; to machine precision. In regions where u; ; is constant,
fi,; = |Vul;; = 0. Here we show the reconstruction of two functions: the peak function
and the hat function in Matlab. For the peak function, there are six local minimal grid
points and it takes 10 iterations to converge. The reconstruction is exact to machine
precision and is shown in figure 6.4(a). For the hat function, there are many local minima
due to the valleys and the number of minima scales with the number of grid points. It
takes 7 iterations to converge. The reconstruction is also exact to machine precision and
is shown in figure 6.4(b).

Example 6: As the last example, we present an application of the distance function in
computer visualization. In [20], efficient algorithms are developed to analyze and visualize
large sets of unorganized points using the distance function and distance contours. In
particular, an appropriate distance contour can be extracted very quickly for the visualiza-
tion of the data set, which avoids sorting out complicated ordering and connection among
all data points. Figure 6.5 shows the visualization of a Buddha Statue using a distance
contour on a 156x371x156 grid from points obtained by a laser scanner. The data set has
543,652 points and is obtained from The Stanford 3D Scanning Repository. The whole
process takes a few seconds due to the fast computation of the distance function.

Acknowledgment: The author would like to thank Dr. Paul Dupuis for some inter-
esting discussions that started the work.
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h = 0.02 0.01 0.005 0.0025
# of iterations 8 8 8 8
lle] oo 0.02538 | 0.01280 | 0.00644 | 0.00322
el|r2 0.00549 | 0.00274 | 0.00137 | 0.00068
el|rr 0.00383 | 0.00194 | 0.00097 | 0.00049
TABLE 6.6

F1G. 6.2. contour plot of the solution, dotted line is where the boundary condition is prescribed
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(a) reconstruction of the peak function (b) reconstruction of the hat function

Fic. 6.4.

(a) front (b) diagonal (c) back

F1G. 6.5. visualization of 3D scanned points using a distance contour
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